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Energy decay of a thermoelastic system with boundary
condition of memory type

Stabilisation d’un systeme de la thermoélasticité avec conditions
aux limites de type mémoire

EL Hadji Malick BA * and Abdoulaye Séne T

Abstract

Using the multiplier method and a suitable Lyapounov functional, we establish exponential decay of
energy for an isotropic thermoelastic system subject to Dirichlet boundary condition on one part of
the boundary and a memory dissipative condition at the other part of the boundary.
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Résumé

Nous établissons, par la méthode des multiplicateurs et une fonction de Lyapounov, la décroissance
exponentielle d’un systéme d’un systéme thermoélastique avec feedback de type mémoire sur une
partie de la frontiére.
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1 Introduction

Let Q be a non empty bounded open subset of R®,n > 1, with a boundary I of class C?. We denote
by v = (v1,...,v,) the unit outward normal vector along I'. For a fixed zg € R™ we define the function
m(x) =z — xg ; © € R™ and the following partition of the boundary I':

Ih={zel :mx) vx) <0}, To={xel:m(x) v(z)> 0} (1)
In this paper we consider the system of isotropic thermo-elasticity:
v — pAu— A+ p)Vdivu + aVO =0in Q := Q2 x R,
0" — Af + Bdivy’ =0 in Q,

f=0onT xRT, w=0onTl; xR", (2)

p2% + (A + p)div(w)y + am - vu + fot k(t —s)u'(.,s)ds +m-vu' =0 on 'y x RT,

u(-,0) =wug, u'(-,0)=wuy, 6(,0)=0in Q,

where u = u(z,t) = (u1(z,t),...,un(x,t)) denotes the displacement vector field while 8 = 6(x,t) is the
temperature. The function a is non negative and belongs to C*(T2); k : [0; +oo[— R is a function of
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class C2. The coupling parameters o and /3 are supposed to be positive. Finally, A and p are Lame’s
constants.

The stabilization of different variant of the system (2) has been studied in the literature in the case
k = 0. Up to now, there are a lot of works on this topic, see, for example [7, 8, 12, 2, 4]. For boundary
condition of memory type we can cite among others [11, 9, 10]. In [9, 10], the authors consider the
boundary condition v = 0 on I'y x R and,

/Ot k(t —s) [Maggjs) u(s) + (A + p)divu(s)v|ds + au'(t) + u(t) = 0 on T'y x RT.

The aims of this work is to establish exponential decay for energy of system (2).

2 The main result

In the remainder of our paper we suppose that
Iy #0 or 0<a(x) <ag, Vo €Ty, (3)

where ag is a constant whose magnitude will be specified after. Furthermore, in order to avoid regularity
problems related to the change of boundary conditions we assume that I'y N Ty = (). We finally suppose
that there exist positive constants vy and v, such that

k) > o0,
K(t) < —0k(?), (4)
E(t) > —mK(1).

The assumptions (4) are relatively standard (see [11, 1, 15]). We define the following Hilbert spaces:

HE (Q) = {ueH'(Q);u=0 on I'}, (5)
W = (Hp, ()" x (LX(Q)", (6)
H = WxL*Q). (7)

The space W is equipped with the natural norm:
w0y = [ (0P + ulFu + 0+ p)ldivaPldo + [ am - viuar.
Q T2

With assumption (4), the system (2) can be formulated as an evolution integral equation of variational
type [14]. Therefore the results from [11, 13] allow to state the following results.

Théoréme 2.1. Let 'y and T'y be given by (1) and satisfying (3) and T1 N Ty = 0. Assume that the
function k satisfy (4). Then for initial data (ug,u1,60p) in H, the system (2) has a unique (weak) solution
(u, 0) satisfying (u,u’,0) € C([0,00); H).

We define the energy of the system (2) by

1
B#) = / {4 w9l + O g fdival? + 6P o

+% /1"2 am - V\u|2d1“+% /F2 k(t)[u(t)—u(o)fdr_% /rz /0 K'(t — s)[u(t) — u(s)]*dsdl.  (8)

The main result of this paper is the next theorem.

Théoréme 2.2. Let 'y and 'y given by (1) and satisfying (3) and T1NTy = (). Assume that the functions
k satisfy (4). Then there exist positive constants C1 and Cy such that the energy of any solution of (2)
satisfies

E(t) < Cie %2t vt >o0. (9)

The rest of the paper is devoted to the proof of Theorem 2.2.
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3 Proof of Theorem 2.2

Deriving (8) in time and integrating by parts in space, we readily see that

1
E'{t) = |V9(x H2de — [ m-vj/|?dl + =
B o 2 T

I Sty — u(s)Pdsar,
2 T'2J/0

K ()[u(t) — u(0)]*dl

and consequently,

E(T) — E(S) / |VO2dxdt + - / / — u(0)]2dtdT

_ / [ vt oarar / /F / (t — 5)[u(t) — u(s)|*dsdT'd,

V0 < S <T < oco. The assumptions on k, k&’ and k" lead to the decay of the energy.
Let us introduce the constant

Ry = mag(i (xx — o) )1/2.
1

€N e

Further let y and Ao be the smallest positive constantes such that for all u € (Hf (92))"

/F |u|?dl’ < ~2 </Q{,u|Vu|2 + (A 4 p)|divul?}da + /1“ am - V|u2d1") ,
and
Jolfseoye <3 ( [ Gl + Ot vl o+ [ am-vjufar
respectively. Consider the standard energy (corresponding to k = 0)
&) = 1 / {\u’\z + | Vau)? + (A + p)|divu|® + g|9|2}d:17 + L / am - v|u|*dT.
2 Ja B 2 Jr,

To prove Theorem 2.2, we start by two technical lemmas.

(10)

(11)

(12)

Lemme 3.1. Let (u,0) be a strong solution of (2). Define M(u) = 2(m - V)u + (n — 1)u. Then, for all

t > 0, there exists a positive constant 1 such that HM(u)H%LQ(Q))n < né(t).
Proof of Lemma 3.1. By integration by parts, we have
1M (W)l[E2ye = /QH?(m V)ul® + (n = 1)?[uf® + 4(n — Du- (m - V)uldz

= (2 V)l 4 (0 = DPful? 20— 1) V()

/ [120m - V)ul+(1—n2)u2lde +2(n— 1) [ m - v]u2dT
Q 1)

IN

4R3/ |Vul?dz +2(n —1) [ m-vjul*dT.
Q T2

We conclude using Korn’s inequality.

O

Let us define, for all ¢ > 0, the function ¢, (t) = [, {u M(u) + %92} dx, where (u, 0) is strong solution

of (2) and o a positive constant.
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Lemme 3.2. For a suitable parameter o, there ezists two positive constants cq and C such that for all
regular (u,8) strong solution of (2)

’

o(t) < c( [ wopar+ k;(t)[u(t)—u(O)]zdF—/F /0 k’(t—s)|u(t)—u(s)|2dde>

+ [ am-vu?dD — co€(2). (15)
I

Iy

Proof. Differentiating ¢, (t) we have ¢, (t) :/ [u' M(u) + v/ (2m - V' +(n — 1)u')+00 0]dz. Note that
o)

13}
M(u) = (M;)1<i<n where M; = 2mj—u; + (n — 1)u; (we use repetited convention indice). Appling

Bxk
Green’s formula, we have
/ AuiMidadt — 2 [ 2%, % gr - / M| Vg |2dD
Q r " " oxr,
—l—(n—2)/ \Vu;2dz + (n — 1) %“luldr (n—l)/ Vs [2dz

Oui, Oui
T 81/ 6

ou;
r Ov

dr — /mkyk\VuA dl'+(n—1) [ —wudl — / |V, |2dz. (16)

0 Ou,; .
/ (divu) M;dz= 2/ divumk—uuidF — / mpvg|divu|2dT
o 0z; r Oy, r
+(n — 2) / |divu|*dz 4 (n — 1) / divuu;v;dl — (n — 1) / |divu|*da
Q r Q

:Z/divumk%Vidf—/mkyk|divu\2dF—|—(n—1)/divuui1/idf—/|divu|2dx.(17)
r Oxy, r r Q

Using these different identities, we obtain

% (/Q u’M(u)) = —/Q [|u/|2 + p|Vul® + (>\+;L)|divu\2]dx+/F (“gg + ()\+,J)divu.,/> M (u)dl’

aVOM (u)dx + / m - v|u'[2dT — / m v [p|Vul® + (A + p)|divef?] dT. (18)
Q r r

In the same way, by using the second identity of the system (2), it appears that

/9’9d:g: 7/ |V0|2dx—6/ Odive/dz. (19)
Q Q Q

Grouping these above inequalities and proceeding as in [11], we obtain

o (t) < —2&(t / 02dx+/ am - v|u| dI‘+/ (/J?u + (A + p)divu - 1/> M (u)dll
Iy v
— / m v [p|VulP+ (A + p)|dive)? dF+/ m - v|u'|*dl
r r
- / aVOM (u)dz—o / |VO2dx+op / Vou'dx. (20)
Q Q Q
. .- . L . Ou; Ou; .
Taking into account the boundary conditions (2) (implying in particular e 6—% on I'1), we arrive
x v
at g
/ 0
o (t) < —2&(t / 62 dx +/ am - v|u|*dl’ —l—/ <u8u + (A + p)dive - y) M (u)dl’
1P I v
+ [ m-vl|?dT —/ aVOM (u)dx — o*/ |VO|*dx + Uﬁ/ u'Vodx (21)
Ty Q Q Q
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By Young’s formula and Lemma 3.1, we have for all € > 0 the estimation

’

v, (t) < (72+€77+60'5)8(t)+/ am - u\u|2dF+/ m - v |? dFJr [ua—z+(>\+u)divu.y]2dl“
I'>

2 2 ¢ 2 ao? +1 2
+€/F2(|Vu| + |ul )dFJrIB/QG da:+< )/ |VO|“dz (22)

where ¢; is a positive constant. Using Poincaré’s Theorem and trace inequality, from (22), by choosing
sufficiently small, we obtain

2 2
1
o (H)<—c2&(t)+ moy|u|2df+03/ ,LL%+(>\+,LL)CHV’LL'I/ dF+g/92de’+ >+, /|V0|2dx.
Iy r, L ov BJa de Q

for two suitable constants co and c3. Now, we take o such that

« a?+1
— [ 6%dx + —0/V92dm<0.
S [P+ o) [ oo

We arrive at

o () < —c2€(t)+ | m-v|udl + —1—03/ [u% + (A +p)divu - v]2dr. (23)
FQ FQ

Note that as in [11] the boundary condition on I's in system (2) may be rewritten as

g + (A + p)divur +am - vu+m - vu’ — / K (t — s)[u(t) — u(s)]ds — k(t)[u(t) —u(0)] =0  (24)
and from Cauchy-Schwarz’s inequality
2

( / k’(t—s)[u(t)—u(s)]ds) < IKO) K] [ (K =) ult)u(s)ds. (25)
0 0

Then using (24) and (25) there exists a positive constant C'

/[ g + (A + p)divar]?dl < c{ 5 |/ |2dD — /F/ K (t — 8)[u(t) — u(s)]%dsdl

+/F2k:t [u(t) — u(0)] dI‘—&-/FQquF}, (26)

that substituted in (23) gives (15). O

Proof of Theorem 2.2. By the assumptions on k, k' and k, we can obtain from the identity (10) the
estimate

B < —g/Q|ve(x,t)|2dx—/Fzm-u|u’|2dr—720/F2 k(8)[u(t) — u(0)]2dD

+% /1“2 /0 k/(t — 8)[u(t) — u(s)]*dsdr. @)

Define the Lyapounov functionnal E*(t) := E(t)+ py, (t) where p is a positive constant chosen sufficiently
small later on and o be such that Lemma 3.2 hold. Then, by the identity (10) and Lemma 3.2 , for p
sufficiently small we have

(E*)'(t) < —copE(t)+p /F am~yu2dff% : k(t)[u(t)fu(O)]zdFJri /F /O K (t=s)fu(t)—u(s)*dsdl’ (28)

from which follows, for ag (from (3)) sufficiently small,
(B) (t) < —caB(t), V>0 (20)

for a suitable constant c4. Observing that E*(t) < ¢sE(t) for a suitable positive constant cs, inequality
(29) implies (E*) (t) < —cyE*(t). This means that E* is exponentially decreasing. Therefore, since
E(t) < cE*(t) for a suitable constant ¢, the Theorem 2.2 immediately follows. O
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